Mathematica 11.3 Integration Test Results

Test results for the 84 problemsin "6.5.2 (e x)*m (a+b sech(c+d
xAn))*p.m"

Problem 18: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3

J X dx
a+bSech[c+dx?]

Optimal (type 4, 241 leaves, 11 steps):

bx2Log |1+ aetd? | bx2Log[1+ 2etd? ]
x4 b/ ~a2+b? b/ -a2+b?
X N -
4a 2a+v/-a2+b2 d 2a+v/-a2+b2 d
bPolylog|2, - —2=* bPolylog[2, - —2<=*
[ ’ b-~/ -a%+b? ] [ ’ b++/ -a2+b? ]
+
2a+/-a%+b? d? 2a+/ -a%+b? d?

Result (type 4, 843 leaves):



2 | Mathematica 11.3 Integration Test Results for 6.5.2 (e x)~m (a+b sech(c+d x~n))"~p.nb
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Xty ———2b
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b
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(a+b) Coth[% (c+dx?)]

(a-b) Tanh[ 2 (c+dx?)]
2 |ArcTan]| | +ArcTan| 2 ]J]
VaZz-b? a2 - b2
Log| at-bte: v |+ Ar‘cCos[—E] -
ﬁ\/a_\/b+aCosh[c+dx2] a
a+b) Coth[? (c+dx?)] (a-b) Tanh[ 2 (c+dx?)]
2 |ArcTan]| 2 | +ArcTan| 2 |11 Log[
Vaz-b? a2 - b2

2 _ 2 i—(c+dxz)
Vat b e ArcCos | - E} + 2 ArcTan |
\E\E\/b+aCosh[c+dx2] a a?-p?
(a+b) {—a+b+i\/ﬁ) (—1+Tanh[l(c+dx2)])]/

2
[a [a+b+i\/ﬁTanh[§ (c+dx2>]])} -
(a-b) Tanh[% (c+dx?)] ]

] _

(a-b) Tanh[i (c+dx?)] ]J

Log|

b
ArcCos |- —| - 2ArcTan|

(a+b) (a—b+1‘1\/a2—b2> (1+Tanh[i (c+dx2)”
a (a+b+1’1\/a27b2 Tanh[i (c+dx2)])

PolyLog|2, ((b—jm) (a+b—j\/HTanh[§ (c+dx2)]])/
[a a+b+j\/ﬁTanh[§(C+dX2H])}f
PolyLog|2, ([bﬂi\/ﬁ) (a+b—j\/ﬁTanh[§ (c+dx2”])/

[a (a+b+1’m/a27b2 Tanh[% (c+dx2)}])})

] +

Log |

i

Sech[c+dx?]

Problem 28: Attempted integration timed out after 120 seconds.

J = dx
X (a+bSech[c+dx2])2
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Optimal (type 8, 21 leaves, 0steps):

Int| ! » X]

X (a+bSech[c+dx2”2

Result (type 1, 1leaves):

2?22

Problem 29: Attempted integration timed out after 120 seconds.

J 1 dx
x2 (a+bSech[c+dx2])2

Optimal (type 8, 21 leaves, 0steps):

Int[ ! B x}

x2 (a+bSech[c+dx2])2

Result (type 1, 1leaves):

2?7

Problem 30: Attempted integration timed out after 120 seconds.

J ! dx
x3 (a+bSech[c+dx2])2

Optimal (type 8, 21 leaves, 0steps):

Int[ ! , x}

x3 (a+b5ech[c+dx2])2

Result (type 1, 1leaves):
22?

Problem 50: Attempted integration timed out after 120 seconds.

J : i
X (a+bSech[c+d\/7])2

Optimal (type 8, 23 leaves, 0 steps):

Int| ! » X]

X (a+bSech[c+d\/?])2

Result (type 1, 1leaves):
22?
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Problem 51: Attempted integration timed out after 120 seconds.

J ! dx
x2 (aerSech[Cer\/?])2

Optimal (type 8, 23 leaves, 0 steps):

Int| ! » X]

x2 (a+bSech{c+d\/?})2

Result (type 1, 1leaves):
222
Problem 75: Unable to integrate problem.

J(e x) 13" (a+bSech[c+dx"]) dx

Optimal (type 4, 217 leaves, 11 steps):

a(ex)3n 2bx™ (ex)3"ArcTan[es "]
N

3en den

2ibx2" (ex)3"Polylog[2, -ie“d*"| 2ibx2" (ex)3"PolyLog[2, i e*dX"]
d?en : d?en :

2ibx3" (ex)3"Polylog|3, -ie9X"| 2ibx 3" (ex)3"PolylLog[3, i e“dx]
d®*en ) d®>en

Result (type 8, 24 leaves):

J(e x) 13" (a+bSech[c+dx"]) dx

Problem 78: Unable to integrate problem.

J(ex)’l*3n (a+bSech[c+dx"] )Zdlx

Optimal (type 4, 363 leaves, 16 steps):

a? (ex)3" b2x " (ex)3" 4abx ™" (ex)3"ArcTan[e®?¥"| 2bZx 2" (ex)3" Log[1+e? (c+dxX)]
3en : den : den - d?>en )
4iabx2" (ex)3"Polylog[2, -ie“?"| 4iabx2" (ex)3"Polylog|2, i e“?¥|
d’en : d’en )
b2 x3" (ex)3"Polylog[2, -e? (C*dx")} 4iabx3" (ex)3"Polylog|3, -i edX]
d>en ' d>en )

4iabx3" (ex)3"Polylog(3, iedX"| p2x" (ex)3"Tanh[c+dx"]
+
d*en den
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Result (type 8, 26 leaves):

J(ex)’l*e‘n (a+bSech[c+dx"] )Zdlx

Problem 80: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(eX>—1+2n
J dx
a+bSech[c+dx"]

Optimal (type 4, 307 leaves, 12 steps):

c+d x"

bx™" (ex)2"Log[1+ —2=——] bx™" (ex)anog[h&]
(ex)?" S ey b/ 2207
- N i
2aen av/—a2+b2 den a_aZib? den
bx 2" (ex)2"Polylog|2, - —2 | px2n (ex)2nPpolylog|2, - —2
[ ’ bf\/ﬁ} [ ’ b#ﬁ}
+
av/-aZ2+b?2 d2en av_aZ+ib? den

Result (type 4, 859 leaves):
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1
2aen (a+bSech[c+dx"])

(e x)2n (b+aCosh[c+dx”})

1 (a+b) Coth[? (c+dxn)]
1+ —————2bx2" 2(c+dx”)Ar‘cTan[ 2 }+
a?z - b2 ¢ \aZ - b2
b (a-b) Tanh[ 2 (c+dx")] b
2 (c—jAr‘cCos[——}) ArcTan | 2 | + |ArcCos[- =] +
a a?-p? a
(a+b) Coth[> (c+dx") | (a-b) Tanh[> (c+dx") |
2 |ArcTan]| 2 | +ArcTan| 2
Va2 -b? a2 - b2
JaZb? e s b
Log | | + |ArcCos[- =] -
2 va vVb+acCosh[c+dx"] a

(a+b) Coth[i(c+dx”” (a—b) Tanh[i(c+dx“”
2 |ArcTan]| | +ArcTan| |11 Log|

(22 _n2 i—(c»fdx")

ai-ble - Ar‘cCos[—E}+2ArcTan[
2 vJa \V/b+aCosh[c+dx"] a \/a? - b2
(a+b) (—a+b+1‘1\/a2—b2) (—1+Tanh[§(c+dx“)”

a(a+b+1‘1\/a2—b2 Tanh[%(c+dx”)])

(a-b) Tanh[% (c+dx")] ]]

(a-b) Tanh[i (c+dx")] }J

] _

Log|

b
ArcCos |- =] - 2ArcTan]|

(a+b) (afb+j\/a2—b2) (1+Tanh[i (c+dx“)”

Log[ ]+
a (a+b+1‘1\/a27b2 Tanh[i (c+dx”)])
(b—i\/az—bz) (a+b—1’1\/a2—b2 Tanh[ 2 (c+dx")])
i [Polylog|2, 2 ] -

a (a+b+1‘1\/a2—b2 Tanh[% <c+dx”)])
(b+1’1\/a2—b2) (a+b—1’1\/a2—b2 Tanh[% (c+dx”)”
a (a+b+1’1\/a2—b2 Tanh[i (c+dx”)])

PolylLog [2,

]

Sech[c+dx"]

Problem 81: Unable to integrate problem.

(ex>71+3n
J dx
a+bSech[c+dx"]

Optimal (type 4, 452 leaves, 14 steps):
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c+d x"

bx" (EX)3nLOg[1+ ae } bx" (EX)BnLOg[lJr&]
(e X) 3n b-~/ —a2+b? b++/ -a2+b?
. _
3aen av-a2+b? den avV-a?2+b%? den
2bx2" (e x)3”PolyLog[2, —&] 2bx2" (e x)3“PolyLog[2, o aett
b~/ —a2.b? b++/ -a2+b?
+ +
av-a?+b% d’en av-a2+b% d’en
2bx73" (ex)3"Polylog[3, - —2£—] 2bx3" (ex)3"Polylog[3, - 2=
b-+/ -a2+b?

b++/ -a2+b?

aVV-a?2+b%? d®en aVV-a?2+b% d®en
Result (type 8, 26 leaves):

(ex>71+3n
J dx
a+bSech[c+dx"]

Problem 83: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(ex>—1+2n
J dx
(a+bSechc+dx"])?

Optimal (type 4, 717 leaves, 23 steps):

, b3xfn (eX)Zn Log{l_'_ aesd” ] 2bx™" (eX)Zn Log{l‘*'&
(ex)2n b-+/ -a%+b? b/ -a%+b?
. N _
2a’en a? (-a?+b2)*?den a2+/-a2+b2 den

c+d x"

b3 x" (ex)“Log[lJr ae 2bx™" (ex)Z"Log[1+&

b++/ -a?+b? ] b++/ —a2+b?
+
a2 (—a2+b2)3/2den a2/ -a%2+b2 den

b3 x 2" (e x)2n PolyLog[Z, __aewd
b2 x2" (ex)2" Log[b+aCosh[c+dx"]] b/ ~a2+b2
+

a? (a®-b?) d>en az(fa2+b2)3/2d2en .

2bx2" (e x)Z”PolyLog[Z, T b3 x 2" (ex)2" PolyLog[z, __aet?
b-+/ —a2+b? b++/ —a%+b?
- +
a2\/-a2+b? d2en a? (-a?+b2)*?d?en

2bx2n (ex)Zn PolyLog[Z, __aetd
b/ -a2+b? b2x ™" (ex)2"Sinh[c +dx"]
+
a2/ _a2+b2 d’en a(a?-b?)den (b+aCosh[c+dx"])

Result (type 4, 2651 leaves):
1

(a2-b?)*?d?n (a+bSech[c+dx"])?

(a+b) Cot{i (]'lC+J'1an)]

4/a27b2

2bx12" (e x) 120 (b+aCosh[c+dx“])2 2 (ic+idx") ArcTanh |

} _

| 7
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b (a-b) Tan[> (ic+idx")] b
2 (j c+ArcCos[—f]] ArcTanh | 2 | + [ArcCos |- —] -
a VaZ-b? a
a+rb)Cot[L (ic+idxn a-b)Tan[L (ic+idx"
21 Ar‘cTanh[( ) [22<b2 H]—Ar‘cTanh[< > {Zz(bz H]]]
vV as — A/ a‘ -
37 P2 o5t (fcridx?)
Log| al-ble ]+ Ar‘cCos[fg]Jr
A2 \/a Vb+aCosh[c+dx"] a
a+rb)Cot[L (ic+idxn a-b)Tan[L (ic+idx"
21 Ar‘cTanh[( ) [22<b2 H]—Ar‘cTanh[< ) {zz(bz )]]]]
a2 - Va? -
Wegi(ichx")
Log | |-
A2 \/a Vb+aCosh[c+dx"]

b .
ArcCos[- —] +2 i ArcTanh|

a Jalo?
(b—i\/az—bz) (a+b—\/a2—b2 Tan[%(icuidx“)”
a <a+b+mTan[i(ic+idx”H)

(a-b) Tan[;(ijrJldx”)]]]

Log[1 -

|+

a-b) Tan[2 (J'lCHidX“)]

b
-ArcCos [— —} +21 Ar‘cTanh[

a JaZ b7 |
(b+1’1\/a2—b2) (a+b—\/a2—b2 Tan[i(jcuidx“)”
a<a+b+\/a2—b2 Tan[i(ijrjdx”)”

(b—j\/az—bz) (aer—\/aZ—b2 Tan[l(jCHidx“)])
PolyLog|2, 2 ] -
a(a+b+\/asz2 Tan[i(jcnldx“”)
(b+jm/a2—b2> (a+b—\/a2—b2 Tan[%(icwidx”)])
a(a+b+\/a2—b2 Tan{%(icuidx”)])

Log[l—

|+

i

Polylog|2,

]

Sech[c+dx”}2—

1

b3 X172n (ex)71+2n
a? (a?-b?)*?d?n (a+bSech[c+dx"])?

(b+aCosh[c+dx”])2

Npearvy a? - b?

[2 TRSTIp— (a+b) Cot[% (ic+idx)] |-
el s S el
24 |ArcTanh] (a+b) Cot[ (ic+idx)] | - Arcranh| (a-b)Tan[L (ic+idx)] ]]]
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Jal_p? e%ﬁ (icridxn)
Log[ } +

A2 \/a V/b+aCosh[c+dx"]

a+b)Cot[§(jc+jdx"H (a—b)Tan[%(jCJrjdx”)]]]]

Ar‘cCos[—E] +
a

21

ArcTanh | | - ArcTanh|

VaZ-b? a? - b?
Jal_p? eéi (icridxn)

Log | ] -

A2 \/a vVb+aCosh[c+dx"]

(a-b) Tan[i(icuidx”)] ]

b
ArcCos |- =] +2 i ArcTanh|

(b—i\/az—bz) (a+b—\/a2—b2 Tan[i(iCHidx“)”
a <a+b+\/a2—b2 Tan[%(icwidx”)”

(a-b) Tan[2 (ic+idx")]

Log[1-

|+

b .
~ArcCos[- —| +2 i ArcTanh]|

a Va2 b2 |
(b+ivaZ-b? | (a+b-+a?-b? Tan[1 (ic+idx")]]
afa+b+a?-b? Tan[} (ic+idx")]]
rolyLog[2, (b-iva?-b? | (a+b-+a?-b? Tan[} (ic+idx")]] N
alarb+/a?-b? Tan[l (iceidx)])
(b+iva?-b] (a+b-+a?-b? Tan[? (ic+idx")]]
afa+b+Va?-b? Tan[} (ic+idx")]]

(xl’” (ex) 12" (b+aCosh[c+dx"])*Sech(c] Sech[c+dx"]?

Log[1 -

|+

i

PolyLog|2, Sech|c+dx"] 2,

]

(a®dx" Cosh[c] - b*d x" Cosh[c] +2bZSinh[c}))/
(Za2 (a-b) (a+b)dn (a+bSech[c+dx“])2) -

b2x* 2" (ex) 2" (b+aCosh[c+dx"])?Sech[c] Sech[c+dx"]?

aCosh[c] Log[b+aCosh[c] Cosh[dx"] +aSinh[c] Sinh[dXx"]] -

aSinh[c]+(-b+aCosh[c]) Tanh[ﬂ} .
2abAr‘cTan[ 2 ] Sinh[c]

-b?+a? Cosh[c]?-a%Sinh[c]?

adx"Sinh[c] + /
\/—b2+a2 Cosh[c]?-a%Sinh[c]?
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(a (a®>-b%) d®n (a+bSech[c+dx”])2 (a*Cosh[c]?-a® Sinh[c}z)) +
(b2 x™" (ex) 2" (b+aCosh[c+dx"]|) Sech[c] Sech[c+dx“]2 (bsinh[c] -aSinh|d x”]))/
(a2 (-a+b) (a+b)dn (a+bSech[c+dx“])2) +

b x* ™" (ex) 12" (b+aCosh[c+dx"] )ZSech[c +dx"]12Tanh[c]

a? (-a?+b2)dn (a+bSech[c+dx"])?
(-a+b) Tanh[% (c+dx")]

4/a2_b2

203 x2" (ex) 12" ArcTan]|

]

(b+aC05h[c+dx”}>ZSech[c+dx“]2Tanh[c]]/

(a2 (a-b%)>?d?n (a+bSech[c+dx“])2)
Problem 84: Attempted integration timed out after 120 seconds.
j (e X>71+3n dx
(a+bSech[c+dx”])2

Optimal (type 4, 1284 leaves, 32 steps):
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2b2x 21 (ex)3n Log[lJr&
(ex)3n b2x ™" (ex)3n" b~/ -a%+b2
+ - +
3a?en a?(a?-b?)den a? (a?-b?) d?en
b3 x " (ex)3“Log[1+& 2bx™" (ex)3”Log[1+&
b-+/ -a%+b? b/ —a2+b2

a? (—az+b2)3/2den )

a ecrdx"

b++/ —a2+b?

2b2x2" (ex)3" Log|1+

b>x " (ex)3"Log[1+

a2+/-a2+b? den

n
a ec+d X'

Wy }

a? (az—b2> d2en

a ec+d x"

b++/ —aZ+b?

2bx™" (ex)3"Log[1+

2b2x3" (ex)3"Polylog|2, -

4
a? (—a2+b2)3/2den

a ecvd x"

b-+/ -a?+b? }

a2/ -a%?+b%2 den

2b*x 2" (ex)3"Polylog[2, -

3 ectdx"

b-+/ -a%+b? ] B

a? (az—bz)d3en :

3 ecHdx"

b-+/ -a?+b? ] B

4bx 2" (ex)3"Polylog|2, -

a2 (—a2+b2)3/2d2en

a ectdx"

b++/ -a?+b?

2b2x 3" (ex)3n PolyLog[Z, -

a2+ -a%?+b? d?en

2b3x 2" (ex)3"Polylog [2, -

b++/ -a2+b?

a? (az—bz) d3en

n
a ec+d X

b+/ -a%+b?

4bx2" (ex)3"Polylog|2, -

.
a2 (—a2+b2)3/2d2en

n
a ec+d X

b-+/ -a?+b? ]
+

2b3x3" (ex)3"Polylog|3, -

a2/ -a%2+b? d2en

a2 (—az+b2)3/2d3en

4bx3" (ex)3"Polylog|3, __aett? | 2b*x3" (ex)3"Polylog|3, __aetl® ]
b-+/ -a%+b? bi~/ —a2+b?
. \ _
a2/ -a2+b2 d3>en az(—a2+b2)3/2d3en
4bx 3" (ex)3"Polylog|3, _—aet
b/ -a2+b? b2x ™" (ex)3"Sinh[c +dx"]
+

a2/ -a%2+b%2 d®en

Result (type 1, 1leaves):
22?

a(a?-b?)den (b+aCosh[c+dx"])

| 11
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Summary of Integration Test Results

84 integration problems

A - 72 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 3 unnecessarily complex antiderivatives

D - 3unable tointegrate problems

E - 6integration timeouts



